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Introduction
Metastructures are a metamaterial inspired concept. Metamaterial research began by investigating electromagnetic metamaterials which exhibited a negative permittivity and or permeability [1, 2] . Inspired by the electromagnetic metamaterials, the concepts were extended to acoustic metamaterials [3] .
Traditional metamaterials utilize the theory of Bragg scattering. The lattices are created such that when the waves reflect off the structure, they destructively interfere with each other. In order for the Bragg scattering mechanism to work, the periodic length of the material must be of similar length as the wavelength. Thus, for low frequencies very large structures are required [4] . Metamaterials that rely on the Bragg scattering mechanism are commonly called phononic crystals. Phononic crystals are materials which exhibit some type of periodicity and are reviewed in a paper by Hussein et al [5] . Milton and Willis were the first to conceive the idea of using local absorbers to create structures with negative effective mass that varies with frequency [6] . Liu et al created the first physical metastructure that was able to create a bandgap at a frequency lower than that of the Bragg scattering mechanism. This structure is designed to suppress acoustic waves above 300 Hz. Their acoustic metamaterial contains lead spheres coated in a silicone rubber within an epoxy matrix. The lead balls in the rubber are referred to as local resonators. The local resonator mechanism is the same mechanism used for vibration suppression [7] .
Since then locally resonant metamaterials have been studied extensively for both acoustic and vibration isolation applications. The work presented here deals exclusively with vibration mitigation applications.
Structures or materials capable of suppressing vibrations using these local resonators are often referred to as elastic metamaterials. In a review paper by Zhu et el, the authors provide a review of various type of plate-type elastic metamaterials and discuss possible applications. They also provide an explanation of the negative mass density and negative bulk modulus [8] . Here the term metastructure is used to refer to structures with distributed vibration absorbers. These structures use conventional materials with absorbers integrated into the structure through geometry and material changes on the centimeter scale. The periodictype nature of these structures was inspired from metamaterials but the larger scale modifications makes the term structure a more fitting term for this work. In the literature, these are also referred to as locally resonant phononic crystals or elastic metamaterials. The field of auxetics also has considerable overlap with metastructures. Auxetics are materials that exhibit a negative Poisson's ratio. These materials are realized by creating periodic lattice structures. Because of the periodic nature of auxetics, they affect how waves propagate through them and thus can be used for vibration suppression among other applications [9] .
As Hussein et al describes in his review paper, metastructures are at the cross roads of vibration and acoustics engineering, and condensed matter physics [5] . Thus, it is important that strengths from both fields are considered and reviewed for relevancy. Sun et al and Pai looked into the working mechanism of metastructures for both bending and longitudinal motion. They were able to conclude that the working mechanism that leads to vibration suppression is based on the concept of mechanical vibration absorbers that do not need to be small or closely spaced [10, 11] . Therefore, it is also relevant to explore the literature regarding vibration absorbers. Vibration absorbers can also be called tuned mass dampers (TMDs) or dynamic vibration absorbers. TMDs typically consist of mass-spring-damper systems, while a vibration absorber does not use a damper to add significant localized damping. Although there is no localized damper added to the vibration absorber, there is still a small amount of material damping which is inherent in all structures. TMDs are studied widely in the field of earthquake engineering. Igusa and Xu were the first researchers to look at the effects of using multiple (TMDs) to suppress a single mode of a structure [12, 13] . Later, this was also studied by Yamaguchi and Harnprnchai [14] . Their work focuses on attaching multiple TMDs to a single degree of freedom system and shows that multiple TMDs can be more effective than a single TMD. These results can be leveraged in metastructure research.
Another important aspect of the TMD literature is how the optimal parameters for the TMDs were determined. Many methods have been used and applied to various systems. DenHartog developed the optimal parameters for a single TMD as an analytical expression [15] and this result has since been studied by many others as summarized in Sun et al's review paper [16] . The work presented here focuses on some of the numerical methods utilized by many TMD researchers specifically the ! norm.
Parameters are chosen such that the ! norm is minimized. This performance metric describes the response of a structure excited across all frequencies [17, 18] . The ! norm provides different results than those obtained by suppressing a specific frequency range and tend to suppress the fundamental mode which typically has the largest magnitude response.
The model used in this paper is a one-dimensional lumped mass model, which was chosen for its simplicity, and allows the dynamics to be understood more thoroughly. Some of the most relevant work related to 1D metastructures is from Pai who models a longitudinal metastructure consisting of a hollow tube with many small mass-spring systems distributed throughout the bar. He suggests that the ideal design for a metastructure, involves absorbers with varying tuned frequencies [11] . Xiao et al looks at a similar structure as Pai but considers multiple degree of freedom resonators. Their work focuses on modeling procedures and understanding the bandgap formation mechanisms [19] . The favorable dynamics response of these structures can also be described as having a negative effective mass which has been shown analytically and experimentally [6, 20, 21] . In addition, other researchers have conducted experiments on longitudinal metastructures. Zhu et al looked at a thin plate with cantilever absorbers cut out of the plate. They were able to show the ability to accurately predict the band-gap and also compared various absorber designs [22] . Wang et al tested a glass bar with cantilever absorbers made out of steel slices and a mass [23] . With the rise in additive manufacturing, 3D printing has become a good method to realize the complex geometry needed for these structures [24] . Hobeck et al and Nobrega et al both created longitudinal 3D metastructures and obtained experimental results. Hobeck et al's work will be discussed in detail later [25, 26] .
In this paper, the feasibility of adding distributed vibration absorbers to a structure without increasing the overall weight of the structure is presented. When creating these metastructures, much of the previous work looks at keeping the stiffness constant, which requires adding additional mass to the structure [27] [28] [29] . Taking an alternative approach, this paper keeps the mass constant by redistributing mass from the host structure to the distributed absorber system. Mass and suppression properties are inherently tied together which motivates this approach. Simply adding mass to a structure will result in increased suppression. It is important to isolate the effects of the dynamics of the vibration absorbers from the added mass. It must be shown that the additional mass is not causing the increased performance. Since a lumped mass model is used, the redistribution of mass does not affect the stiffness of the structure. In real structure where mass and stiffness are coupled, the stiffness would be affected. Other researchers have looked at constant stiffness structures but haven't shown if the additional mass or the dynamics of the absorbers are causing the increased performance. By using a mass constant constraint, this work shows that the vibration absorber dynamics, and not the additional mass, are increasing the suppression.
Additionally in both automotive and aerospace structures, it is critical to keep the total weight of the structure low.. The strategy taken here is to model a discrete system undergoing axial vibrations. This is used as a starting point because the analysis for a unidirectional discrete problem is relatively straightforward and enables understanding of the basic issues and phenomenon. The model consists of masses and springs connected in series with an absorber attached to each one of the masses. The mass and stiffness of these components are varied in order to get the desired dynamics. Material damping inherent in all structures is represented by a proportional damping model and is added to this model such the simulations do not go to infinity. The metastructure described here is compared to a baseline structure which has no vibration absorbers, which illustrates that the favorable damping comes from the addition of the distributed vibration absorbers and not from adding mass to the system. The focus of the vibration suppression is on the fundamental natural frequency of the structure as opposed to creating a band-gap at higher frequencies, which much of the metamaterial research examines. In engineering applications, it is important to suppress the frequencies near the fundamental mode of vibration, as these frequencies typically result in the highest magnitude response. A similar approach is taken when designing TMDs, explaining the motivation for using performance metrics from the TMD literature.
The work of Igusa and Xu is similar to the work presented here but there are some important differences.
They are comparing the effectiveness of a single TMD and multiple TMDs whereas this work compares multiple vibration absorbers to no absorbers. Thus their structure with vibration suppression is heavier than their structure without suppression. In this work the suppression system does not add weight to the structure. Additionally, Igusa and Xu use TMDs so they can tune the mass, stiffness and damping of each absorber [13] . The work presented here does not add dampers with high levels of localized damping to the vibration absorbers, thus only mass and stiffness can be tuned.
The methodology used for this paper begins by introducing the model used and the parameters that characterize this model. The main parameters varied throughout this study are the number of absorbers, the mass ratio (ratio of absorber mass to mass of the rest of the structure), and the natural frequencies of the individual absorbers. Other variables in the model are calculated such that the mass of the structure is constant and the fundamental frequency of the entire structure stays relatively constant throughout the analysis. Both steady state and transient responses are examined. Next, the analysis of the model is described and details about the performance measures are provided. These are the ! and ! norms, which measure the total energy of the system and the maximum response respectively. An optimization procedure is set up to minimize the ! norm and shows the trade-offs between various parameters. All of the metastructure models created are compared to a baseline structure which has equal mass but no distributed vibration absorbers. The constant mass means any increase in performance can be attributed to the addition of the absorbers. Lastly, the simulation results will be compared to experimental data, from work completed by Hobeck et al, to show that trends found from this longitudinal model match the trends found from their experimental data [25] .
Lumped Mass Model
Consider the lumped mass model shown in Fig. 1 (a) which represents a metastructure bar. This model consists of masses and springs connected in series and all the deformation occurs in the horizontal direction. The model contains the host structure with vibration absorbers distributed along the length of the bar. The larger masses and springs make up the host structure while the smaller masses and springs represent the vibration absorbers. Small deformation is desired in the host structure. To provide a basis for performance improvement, the results for the metastructure are compared to a baseline structure. A simple uniform bar is utilized as the baseline structure and is modeled as mass and springs connected in series, seen in Fig. 1(b) . The baseline structure and the metastructure have the same mass, which shows that better performance from the metastructure is due to the addition of the absorbers and not from the additional mass. Throughout this paper, the bars and absorbers are modeled as lumped mass systems so the dynamics of the system are easily understood and computational time is small. The design of these structures was chosen such that the dynamics of structures will be comparable between the metastructure and the baseline structure. Most importantly, they will have fundamental natural frequencies near each other. The metastructure is characterized by the number of absorbers it has, denoted . Therefore, + 1 masses make up the host structure. All masses in the host structure, except the far right mass, have a small absorber connected to it, modeled as a mass and spring. The larger masses will be referred to as the host masses since these make up the host structure whereas the smaller masses are called the absorber masses. The host masses all have the same mass to represent a uniform bar but the mass of the absorbers is allowed to vary throughout the structure. These masses have values of and ! respectively where the refers to the th absorber mass from the left and ranges from 1 to . The springs connecting the host masses are called the host springs and are denoted . The mass ratio, is the ratio of the mass of the absorber system to the mass in the host structure, and is calculated by
The baseline structure has the same number of masses at the host structure, = + 1. The mass of each one of these masses, is calculated by taking the total mass of the metastructure divided by the number 
Model Parameters
In this section, specific parameters are calculated for the various structures. In order to see the effect of the number of absorbers, and the mass ratio, these parameters must be varied. For ease of comparison, the fundamental natural frequencies of the structures should be approximately equal. For each model, and must be specified, and the rest of the parameters are calculated using the methods described below.
In order to achieve relatively constant fundamental frequencies, the mass and stiffness values are chosen based on a continuous uniform fixed-free bar with a rectangular cross section and parameters shown in Table 1 . A finite element type approach is used to obtain and . This approach results in a relatively constant natural frequency for varying degrees of freedom. The uniform fixed-free bar of length ℓ is discretized into elements so that the length of each element,
The mass and springs values are calculated for the baseline structure as
where ! and ! represent the stiffness and mass values for the baseline structure from Fig. 1 , and !"!#$ , , , and ℓ are defined in Table 1 . These values fully define the lumped mass baseline structure model. For the lumped mass metastructure model, the value of the host spring stiffness equals the stiffness from the spring in the baseline structure. The mass of the host mass must change in order to keep the mass constant between the two models. To simplify the problem further, the mass of each of the vibration absorbers is chosen to be constant and is calculated using the mass ratio, . The parameters of the metastructure model are calculated as
where , , and ! are the values of the host mass, host stiffness, and absorber masses respectively. The values of the absorber spring constants are calculated based on the desired frequency of the absorbers. All the absorbers can be tuned to a single frequency or each one can be tuned to a unique frequency. Here, the absorbers are tuned to linearly varying frequencies and this range is defined from the minimum and maximum frequencies, !"# and !"# . From these defined parameters, the individual spring constants, ! can be calculated as
where the frequency terms must have units of rad/s. Along with the properties from Table 1 , which stay constant throughout this paper, the parameters of the problem can be fully defined for a given number of absorbers and mass ratio. Next, the model is assembled into mass, stiffness and damping matrices. The displacements of the masses are defined in Fig. 2 . In formulas, the hat refers to displacements of the absorber masses and the subscript refers the absorber number. The individual displacements are arranged into vectors as
where the 0 superscript refers to the displacements of the baseline structure masses. Since the structure is a lumped mass model, all the masses are arranged on the diagonal of the global mass matrix. The mass and stiffness matrices are arranged as
where diag(⋅) indicates a square matrix with the vector components arranged on the diagonal of the matrix. For this model, no damping is added to the system but since all structures have material damping inherent in them this must be modeled. This damping does not change the dynamics of the system; it simply prevents the simulations from tending to infinity. A proportional damping model is utilized choosing an arbitrary damping constant, and defining the damping matrices by
Note that proportionality to the mass matrix, commonly used, is not used here because of the recent result of Kabe and Sako [30] . Results are presented as a pair of plots: the frequency response function (FRF) and the impulse response. Each plot shows the baseline structure with no absorbers as a dotted line and the structure with absorbers as a solid line. The FRF is of the far right main mass subjected to an input
. The impulse response function is also calculated by applying a unit impulse to the same mass. As a quantitative measure, the percent decrease of the ! norm is also reported. This norm is explained in more detail in the next section.
Performance Measures
This section describes the performance measures used to determine how effectively the structure reduces vibrations. Here the ! and the ! norms will be utilized, which are widely used in control literature to develop optimal control theory. The ! norm is related to the total energy in the system and the ! norm is related to the maximum energy. To begin, the system must be transformed into state space. The equations of motion for the structure can be converted into state space and then expressed as a transfer function matrix as
This results in a transfer function matrix, ( ), which has dimensions × and contains complex numbers. The specific entries of this matrix can be named as
The term of interest to this paper is the !! ( ) entry which describes the relationship between an input at the tip and the response of the tip. For convenience the following definition is utilized, !! = ( ).
The ! norm is a measure of the total vibration energy of the system over all frequencies and can be calculated by taking the norm of frequency response function as follows
where the star indicates the complex conjugate of the number. This performance measure is also related to the impulse response function by Parseval's theorem
where ℎ( ) is the impulse response function of the system. The ! norm is a measure of the maximum amplitude response, equivalent to looking at the maximum peak of the system in the frequency response plot, and is calculated as
The norms of the metastructure and the baseline structure are compared and presented as a percent decrease in the following section. A larger decrease represents better performance.
Simulation Results
Initially, a metastructure model with three main masses, two absorbers, and a mass ratio of = 0. The results of this simulation are shown in Fig. 3 . The FRF on the left clearly shows that the natural frequency peak of the baseline model gets split into two slightly smaller peaks. If the metastructure system is excited around 766 Hz the response will be minimal but deviation from that excitation frequency will cause in increase in response. This correlates to a 26.0% decrease in the ! norm.
Looking at the impulse response plot on the right, it is clear that overall, the response of the structure with the absorbers has smaller amplitudes.
13 Simply increasing the number of absorbers while keeping the natural frequency the same for all absorbers does not make a significant impact, but it does allow for greater flexibility in the tuning of the parameters.
From the previous results, the frequency at which the absorbers were tuned causes a dip in the FRF at that frequency. Instead of setting all the absorbers to a single frequency and getting one large dip, the next case tunes the absorbers to varying frequencies ranging from 500 to 1500 Hz in an effort to smooth out the peak instead of simply splitting the peak. The results displayed in Fig. 5 show that this produces favorable results. The peak is smoothed out and the ! norm has a decrease of 50.3%. In the impulse response function, the magnitude of the vibrations is also greatly reduced. Towards the end of the impulse response, beating phenomenon becomes apparent. Beating behavior occurs when there are closely spaced natural frequencies causing the amplitude of the impulse response to increase for a short period of time.
Even with the increased levels due to beating, the displacement levels remain below the baseline model. Baseline Structure Metastructure
Optimization
Next, an optimized version of this model is examined using a similar procedure to that of Zou and
Nayfeh, who applied their methods to multiple degree of freedom tuned mass dampers [18] . Zou and Nayfeh optimized their model by minimizing the ! norm. A similar approach is taken in this model, but will maximize the percent decrease in the ! norm from the baseline structure to the metastructure. The negative of this percentage is used as the objective function and is minimized. The optimization is performed in MATLAB using a constrained non-linear interior point algorithm (fmincon). When the optimization is performed, the number of vibration absorbers is constrained to a single value and the algorithm determines the optimal values of the frequency range and mass ratio. The number of absorbers was not used as a parameter of the optimization since it does not take an optimal value. More absorbers lead to higher performance but also lead to a more complex structure. The complexity of a structure is difficult to quantity. This trade-off between performance and complexity is described in more detail in Section 6.3. When this optimization procedure is applied to the system with 20 absorbers from Section 4, the optimal range of frequencies is calculated as 513 -2208 Hz and the optimal mass ratio is = 0.34.
The frequency range deviates slightly from the range estimated in Section 4, 500 -1500 Hz and the mass ratio increases slightly from the estimated value of = 0.30These new values used in the optimized model result in a 57.1% reduction in the ! norm, which is a greater reduction compared to the nonoptimized model; see Table 2 . The FRF and impulse response can be seen in Fig. 7 . 
Distribution of the Stiffness
As shown previously, the models in which the absorbers are tuned to frequencies that vary linearly provide better performance than those that are all tuned to a single frequency. Next, other distributions are examined. Instead of constraining the distribution to be linear, the optimization code allows each absorber to take on any value for its natural frequency. Fig. 8 shows the optimal distribution for a structure with 20 absorbers alongside the distributions for the linear and constant cases. The -axis denotes the absorber number, ranging from 1 to and the -axis shows the natural frequency of that absorber. It is interesting to note the pattern of the optimal distribution, but it must also be noted that transitioning from the linear to the unconstrained distribution produces less than a 2% additional decrease. The decrease goes from 56.9% to 58.2%. The results are summarized in Table 2 . This is deemed not beneficial enough to 
Mass Ratio
Next, the effect of the mass ratio on the system is determined. The mass ratio is included in the optimization procedure described in Section 5 but looking at the effects of varying the mass ratio provides insight into the behavior of the system. Recall, the definition of the mass ratio is the ratio of the mass of the absorbers over the mass of the host structure, Eq. (1). Once a mass ratio and a total mass is defined, the mass of the absorbers can be calculated; see Eq. (3) for details. Next, a optimization procedure similar Single Frequency Constraint Linear Distribution Unconstrained to the one described above is used to calculate the stiffness values of the absorber springs. For each data point in Fig. 9 , the number of absorbers is set to 20, the mass ratio is varied, and the optimization procedure is performed. The resulting percent decrease is plotted and the shape of the plot shows there is an optimal mass ratio value which is why the mass ratio was added to the optimization procedure in Section 5. The existence of an optimal mass value show that there is a tradeoff between mass in the absorber system and mass in the host structure. Too little mass in the absorber system does not allow sufficient energy transfer to the absorber mass and too much mass produces a large response from a higher mode. From these results, a mass ratio of = 0.34 is optimal for this specific structure. Fig. 10 shows the resulting FRF for four of the mass ratios. 
Number of Absorbers
Similar to above, the number of absorbers is also examined. An optimization procedure is run for each data point shown in Fig. 11 . The results show there is not an optimal number of absorbers, but the performance tends towards an asymptote. The response improves as more absorbers are used, but at some point there is a trade-off between increased performance and increased complexity. For this paper, 20 absorbers is chosen because any structure with more than 20 absorbers provides only marginally better performance. The FRFs for systems with 2, 26, and 50 absorbers are plotted in Fig. 12 . Experimental and finite element results are used to show that this model is accurately able to capture the effects of the metastructure but not to experimentally verify the model.The experimental results are taken from previously published work [25] . The metastructure is fabricated using 3D printing technologies and constructed from a single uniform material, shown in Fig. 13 . As with the model presented in this paper, the structure was designed for vibration suppression in the longitudinal direction. There are ten absorbers distributed along the length of the beam, = 10. The absorbers consist of a large mass with a cantilever beam used as the absorber spring. The cantilever beams are arranged in an alternative fashion to preserve symmetry during testing. In this structure all of the absorbers are identical. These experimental results are compared to the lumped mass model discussed in this work and to a 2D finite element model created in ANSYS. The method to calculate the model parameters from Section 2.1 is not used here. Instead, the model parameters are calculated based on the geometry of the physical structure. The methods of Section 2.2 are then utilized using the new parameters. The purpose of these comparisons is to show the experimental trends match the experimental trends. The lumped mass model does not accurately capture the dynamics of the real structure since it is a distributed system. But, it is important to recognize that the trends captured by the lumped mass model are trends seen in experimental results.
Experimental Results
Experimental testing was performed by Hobeck et al and is described in their paper, but a brief summary is provided here for completeness. Two conditions were tested; the free and blocked conditions, which are referred to as the metastructure and baseline structure here. The metastructure, or the free condition, allows the absorbers to vibrate freely, whereas the baseline structure, or the blocked configuration, has foam blocks which prevent the absorbers from moving. Both of these configurations have the same mass, since the foam blocks have a mass which is small enough to be neglected. Two accelerometers were attached to the structure; one at the tip and one at base, and the structure was excited with an impulse by hitting the table with a hammer. Results from these experiments are shown in Fig. 14 . An analytical model in [25] was developed to estimate the absorber natural frequency. They used Rayleigh's quotient to determine the absorber natural frequency. The rest of the structure was modeled as a single degree of freedom system using basic lumped parameter assumptions. Their modeling methods will be modified such that the, previously described, multiple degree of freedom lumped mass model can be utilized. Modeling the absorbers is completed in a similar manner to Hobeck et al, using Rayleigh's quotient for a cantilever beam with a large tip mass. The assumed fundamental mode shape used is that of a cantilever beam undergoing uniform gravitational load with an applied tip shear and moment as seen in 
where J is the polar moment of inertia of the tip mass, the prime ⋅ ! indicates the derivative with respect to x, and the L subscript refers to the value of at the tip of the beam, i.e. ! = = .
The lumped mass model requires the mass and stiffness of the absorber. Since the experimental model is uniform, ! = ! = ⋯ = !" = ! and ! = ! = ⋯ = !" = ! The mass of the absorber, ! can be determined from geometry and material properties. Then the effective stiffness, ! is calculated as
The host structure parameters are calculated based on the geometry and material properties of the physical structure. The host mass, ! , accounts for the mass of all the material that is not a part of the absorbers.
The host spring stiffness is calculated as
where is the Young's modulus of the material, is the cross-sectional area, and ℓ is the distance between the host masses. These parameters are then used to determine the mass, stiffness, and damping matrices as described in Section 2.2. The results can be seen in Fig. 16 . Only the metastructure is plotted because the baseline structure used earlier in this paper is fundamentally different than the one experimentally tested. 18. The baseline model is created by adding massless, rigid blocks to the end of each absorber to prevent the absorbers from resonating emulating the experimental configuration. 
Comparison
Examining the results from the three different models, it is clear that each model captures the main effects of metastructure, namely that absorbers tuned to the natural frequency of the baseline structure are able to create a band gap where the baseline fundamental frequency occurs. The values of the various mode shapes and the percent errors are summarized in Table 3 . These results agree reasonably well. The finite element model discrepancies can be accounted for due to the lack of precise knowledge of the Young's modulus of the printed material. Typically, these values are reported as a range of values. The lumped mass model has considerably more error in the 2 nd mode. This is likely due to the fact that the mass of the experimental prototype is not lumped, but is relatively evenly distributed across the length of the bar.
Thus, treating it as lumped masses introduces some error. Most importantly, this shows that the lumped mass model does exhibit realistic behavior that can also been seen in experimental studies. Based on the results of this paper, the structure used by Hobeck et al [25] is not the optimal structure. The mass ratio they used, = 0.64, is much higher than that shown to be optimal. Additionally, the results of this paper show that absorbers with varying natural frequencies perform better than structures with a single natural frequency. 
Conclusions
The results of these simulations show that it is possible to use distributed vibration absorbers to reduce the response of a system without adding additional mass to the structure. These simulations found that the distributed absorbers should be designed such that their natural frequencies span a range of frequencies.
For this specific structure, the results show that the mass ratio (mass of the absorbers over the mass of the host structure) should be around 0.3 and the number of absorbers should be around 20. The natural frequencies of the vibration absorbers should be tuned such that their frequencies vary linearly. This set of parameters produces the most significant reduction in vibrations.
